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Abstract
We calculate emission rates of various bosonic/fermionic soft massless states of an
open/closed superstring from an ensemble of a highly excited open/closed superstring in
the flat background. The resulting spectrum shows thermal distributions at the Hage-
dorn temperature. We find greybody factors for each process and observe their relation
to the ones from black holes.
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1 Introduction
Highly excited states of string theory are of particular interest in perturbative string theory. An
exponential growing number of states at higher levels leads to a characteristic temperature of the
string ensemble, the Hagedorn temperature, at which the partition function gets divergent. This
divergence may be interpreted as a signal of a phase transition; above this temperature, string
theory has been speculated to have much fewer degrees of freedom than any kind of quantum
field theory[1]. This would be related to rich “stringy symmetries” that might emerge at a scale
much higher than the string scale[2]. Furthermore, in various extreme situations, such as an early
Universe or high-energy scattering processes, highly excited states can be created and then their
properties would be important to applications of string theory1.
Excited states of a string are usually unstable and decay eventually. There have been lots
of studies on this instability, such as a typical lifetime or a decay spectrum[4, 5]. One of the
interesting setups to investigate this is a semi-inclusive decay process, where only the mass (and
the angular momentum in some cases) of the initial state is fixed. By taking an average over the
initial states, the process exhibits a thermodynamic behavior. Amati and Russo[6] have shown
that the decay spectrum of the highly excited fundamental bosonic string is the thermal one of
the Hagedorn temperature. Since then, there have been many works on this type of analysis for
boson emission of an NS-R superstring and also closed string states emission from a heavy closed
string[7, 8], especially on the decay rate of maximally angular momentum states with interest in
searching for possible long-lived states[9]. Some other applications of this procedure for the cross
section of strings are found in [10, 11].
Another motivation for the study on the decay of a heavy string is regarding black hole physics.
A couple of decades ago, Susskind[12] proposed that the microstates of a black hole could be
explained by an exponentially growing number of states of a heavy fundamental string. This
correspondence is considered to take place at a point where the typical size of a free string of a
given mass becomes a size of the Schwarzshild radius with respect to that mass. The entropy of
these two descriptions becomes the same order at that point. This idea was pursued further by
Horowitz and Polchinski[13], and they showed that this correspondence indeed holds for various
types of black holes. The corresponding point of a black hole and a fundamental string typically
appears at gs ∼ N−1/4, where gs is the string coupling constant and N is the excitation level
of the fundamental string. For very large N , the leading-order treatment of this heavy string
by perturbation theory would work, and may capture some aspects of the corresponding black
holes[14]. Among others, one of the characteristics of a black hole is its greybody factor. Although
black holes exhibit the blackbody radiation at the horizon, their gravitational potentials alter
the spectrum for an asymptotic observer. This correction factor, known as the greybody factor,
was actually an important clue for string/gauge theory correspondence in the early days of its
development[15, 16]. The greybody factor for a near-BPS black hole that has D-brane construction
shows a perfect agreement with the calculation of gauge theory on the branes. As we will show in
1An example of recent application is found in [3]
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this paper, the decay rates of a heavy superstring indeed turn out to exhibit a thermal behavior
of the Hagedorn temperature and we can read off corresponding greybody factors for the heavy
superstring. We may, thus, expect that similar insight can be obtained for a more general class of
black holes through the study of fundamental string decay. It should be noted that, as explained
in the main part of the paper, our analysis is to the leading order of perturbation theory as well
as to the leading order of 1/N expansion, and the correspondence point is not reached completely
within this regime. For example, if we want to obtain the spectrum of the Hawking temperature,
instead of that of the Hagedorn temperature, we would need to take the self-gravitational effect
into account[17, 18], but we will neglect self-interactions in this paper. However, we believe that
the current study can be thought of as a first step toward this understanding, and it deserves more
detailed study in the future.
In this paper, we consider single open/closed string massless state emission from the decay of
a massive open/closed superstring in the critical dimensions. As an initial state, we prepare an
averaged open or closed superstring state at a very high excited level. We only specify the mass
(and, therefore, the excited level) of the string, and also observe the energy spectrum of the emitted
states. As the emitted states, we consider both open and closed string states. In the perturbative
regime, we can take the massless states as the main channel of decay. We also integrate over the
angular dependence and sum over the polarizations of the emitted massless states. We will work
with Green-Schwarz formulation of superstrings in the light-cone gauge. It has an advantage that
the physical degrees of freedom are explicit, and we do not need to worry about the treatment of
unphysical modes. As we shall see, our setup is fit to the restriction of the momentum of the vertex
operators in the light-cone gauge, and we can carry out the whole calculation very explicitly.
The organization of this paper is as follows. In Section 2, we shall present a setup of a semi-
inclusive decay process of a heavy superstring. Then, we carry out the calculation of the emission
rates of massless states from a heavy open superstring, by use of Green-Schwarz formalism in
the light-cone gauge. We also argue the closed string emission from both heavy open and closed
superstrings. We conclude this section with a detailed argument of the emission rates of each
case. There, we compare the greybody factors obtained from the emission rates with the ones from
various types of black holes. In Section 3, we summarize our result and propose possible future
directions. Appendix A is devoted to the summary of the details of the calculation.
2 Emission of massless states
2.1 Semi-inclusive decay process
As stated in the introduction, we observe emission from a heavy superstring at an asymptotic
infinity and will be ignorant about the detailed profile of the initial and final string states. We shall
study a semi-inclusive decay process of a highly excited superstring in the critical dimensions with
a massless state (either bosonic or fermionic) emitted. The emitted massless state is characterized
by its momentum kµ and polarization tensor γ(k). The initial state is at an excited level N and
carries momentum Pµini. It decays into a state at level N
′ with Pµfin with a massless state emitted.
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First, we choose the center-of-mass frame of the initial string, Pµini = (M,
~0), with
√
α′M =
O(√N). In this frame, the momentum of the emitted state is to be kµ = (−ω,~k) with ω2 = |~k|2
as it is massless, and then by momentum conservation, the final-state momentum is determined as
Pµfin = (−M + ω,−~k). The (differential) decay rate is given by
Γ =
d9k
M(M − ω)ωP (ΦN → γ(k) + ΦN ′) , (2.1)
where ΦN denotes arbitrary states of string at the level N , and the probability P (ΦN → γ(k)+ΦN ′)
is the modulus square of the amplitude of the process. We will not be interested in the angular
dependence of emission, and d9k will eventually be set to ω8dω. The masses of both the initial and
the final string are heavy and are assumed to be much larger than the typical energy of the emitted
massless states, M ≫ ω.
We are considering the semi-inclusive decay process. We specify only the mass (therefore, the
level) of the final state and are also interested in the energy distribution of the emitted states. We
do not consider all possible final states, which may involve multistring states and many light states,
but rather restrict ourselves to this three-body decay process; namely, we are working in the leading
order of perturbation theory for a given process. In summary, for calculations of probability, we
sum over all possible states of the final string states Φ(N ′) and the emitted massless state γ(k), as
well as the angular part of kµ. As for the initial state, we do not prepare any particular state of
mass M but rather take a typical state by averaging over the possible states of the initial string at
a given level. The probability is, thus,
P (ΦN → γ(k) + ΦN ′) = 1G(N)
∑
Φ|N
∑
Φ|N ′
∑
γ
|〈Φ(N ′)|V (γ, k)|Φ(N)〉|2, (2.2)
where
∑
Φ|N represents the summation over all the states at level N , and Φ(N) stands for a state
at level N . The number of states at level N is denoted by G(N), and the asymptotic form of G(N)
at large N is calculated in Appendix A.1. V (γ, k) is the string vertex operator corresponding to
the emitted state.
In general, it is a formidable task to handle a general string state at a high fixed level, due to
the exponentially growing number of states. We trim the expression of the probability to make it a
more tractable form, following the trick initiated by [6]. It is convenient to introduce a projection
operator onto the level N states
PˆN =
∮
dv
2πiv
vNˆ−N ,
∑
Φ|N
|Φ〉 =
∑
Φ
PˆN |Φ〉 , (2.3)
where the sum in the right-hand side of the second equation runs over all the states in Fock space.
Then, the probability is written as
P (ΦN → γ(k) + ΦN ′) = 1G(N)
∑
γ
∑
Φ,Φ′
∣∣ 〈Φ′∣∣ PˆN ′ V (γ, k) PˆN |Φ〉 ∣∣2
=
1
G(N)
∑
γ
∮
dw
2πiw
w−N
∮
dv
2πiv
v−N
′
tr[V †(γ, k) vNˆ V (γ, k)wNˆ ]
4
=
1
G(N)
∑
γ
∮
dw
2πiw
w−N
∮
dv
2πiv
vN−N
′
tr[V (γ, k, 1)† V (γ, k, v)wNˆ ] , (2.4)
where the trace is taken in Fock space, namely, for the oscillator part. In the last line, we have
used the fact that the operator vNˆ transports the (oscillator part of the) vertex operator to the
position v as vNˆV (γ, k, 1)v−Nˆ = V (γ, k, v). The third entry of the vertex operator now stands for
the insertion point along world-sheet time direction τ with v = eiτ . As for the bosonic zero-mode
part, the momentum operators will be evaluated as the initial- or final-state momentum value since
this is a disk amplitude. The other contribution from the bosonic zero modes is a trivial momentum
conservation factor that we do not write down explicitly in this paper. The trace part appears as
a similar form to the oscillator part of string one-loop computations. However, it should be noted
that there is a crucial difference; the trace here is originated from the square of the disk amplitude
and, thus, not the supertrace defined with the (−1)F operator inserted. Therefore, it is different
from superstring one-loop amplitudes, and the result is nonvanishing even though we have only two
vertex operators inserted. This (2.4) is the master formula for the semi-inclusive decay process we
are going to study. We will evaluate this trace in the open and closed superstring theory, with the
identical two vertex operators for both open and closed massless states inserted.
A couple of comments on the emission of other states are in order. A heavy string can emit
massive states or split into heavy strings, too. Now, we briefly argue that the emission of soft
massless states is a dominant channel of decay.
A heavy string may split into two heavy strings. In this case, two final states have string
scale masses, M2 ∼ O(N)/α′. Starting from the rest frame of the initial string, these two strings
move much more slowly than light states unless their spatial momenta are of O(N) in the string
scale. Therefore, when we consider ourselves as an asymptotic observer, we would have little
chance to detect such heavy string states. Note that once higher-order effects are included, these
kinds of end states are more irrelevant, as they are bound by their own gravitational potential. In
the exponentially many number of possible states, noninteractive pairs, like BPS configurations,
would be negligibly scarce. A heavy state may further decay into lighter states and eventually
emit sufficiently light states that can propagate far enough to be detected. There can be enormous
intermediate steps to end up with light states, and then these processes may be favored with respect
to an entropic viewpoint. However, in this paper, we consider only the leading-order contribution
of string perturbation theory and will not take this multistep decay process into account. It is
interesting to investigate the competition between the growing number of possible intermediate
states and the suppressing power of coupling constant, but it is beyond the scope of our current
study.
Finally, we consider the contribution from rather light but stringy massive states. Since we
study highly excited string states, then these lowest-level states may be regarded as light states to
enter our consideration. As we will see, it turns out that the emission spectrum for massless states
becomes a thermal one at the Hagedorn temperature. The Hagedorn temperature of the superstring,
TH = (π
√
8α′)−1, is numerically smaller than the mass of the first excited state, M1 = c(α′)−1/2,
where c = 1 for open and c = 2 for closed string states. Therefore, in the thermal distribution
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of the Hagedorn temperature, the massive states will hardly be observed, and we concentrate on
massless states emissions. From the same reason, the energy of the emitted massless state should
also be much smaller than the string scale. Therefore, we take the emission of soft massless states
as the main channel of the decay process in this paper.
2.2 Open string emission from an open superstring
First, we consider an open string emission rate from a heavy open superstring. In this case, the
mass of the initial and the final states are M =
√
N/α′ and M ′ =
√
N ′/α′. From the momentum
conservation, we find the level difference between the initial and the final state is O(√N),
N −N ′ =2ω
√
α′N + α′ω2 , (2.5)
and the last term is negligible as
√
α′ω ≪ √N . We now explicitly evaluate the traces of massless
boson and fermion vertex operators shown in the previous section. From now on, we set the Regge
slope parameter α′ = 1/2 for simplicity.
In Green-Schwarz superstring in the light-cone gauge, the vertex operators for massless boson
and fermion states are
VB(ζ, k, z) =
(
ζ i(k)Bi − ζ−(k)p+) eik·X(z) , (2.6)
VF (u, k, z) =
(
ua(k)F a + ua˙(k)F a˙
)
eik·X(z) , (2.7)
where Bi, F a, and F a˙ are represented by the light-cone fields[19]. The explicit forms are given in
Appendix A.2. It should be noted that these vertex operators are valid only for the emission with
momentum k+ = 0, and otherwise they take more complicated forms. Since we have neglected
the angular distribution of the momentum of the emitted states, we can choose the momentum
kµ = (−ω, 0, · · · , 0, ω) by transverse SO(9) rotation of the rest frame of the initial string. So we
can consistently choose the light-cone coordinate so that k+ = 0 for the emitted state.
We are going to calculate the decay rate of a heavy open superstring with a massless bo-
son/fermion state emitted,
ΓA =
ω7dω
M2
P
(
ΦN → γA(k) + ΦN ′
)
, (2.8)
where P
(
ΦN → γA(k) + ΦN ′
)
is given by (2.4) with the vertex operator VA, where A = B for
boson emission and F for fermion emission. In the same way, the polarization is γB = ζ
i, ζ− or
γF = u
a, ua˙. What we need to do first is to calculate the oscillator trace and then evaluate the v
and w integral to derive the probability P . The explicit calculation is straightforward but rather
lengthy. It is summarized in Appendix A.2.1. We cite the final result of the trace calculation,
tr
(
VB(ζ, k, 1)
†VB(ζ, k, v)wNˆ
)
=
(|ζ i|2Ω(v,w) + |ζ−|2(P+ini)2)Z(w) , (2.9)
tr
(
VF (u, k, 1)
†VF (u, k, v)wNˆ
)
=
1
4
[
P+iniu
a∗ua + ua˙∗γia˙bu
bP iini + u
a∗γi
ab˙
ub˙P iini
+
ua˙∗ua˙
P+ini
(
(P iini)
2 +Ω(v,w)
)]
Ξ(v,w)Z(w) , (2.10)
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where
Ω(v,w) =
∞∑
n=1
n
vn + (w/v)n
1−wn , Ξ(v,w) =
1
2
+
∞∑
n=1
vn + (w/v)n
1 + wn
, (2.11)
and Z(w) is the partition function,
Z(w) =16
(
f+(w)
f−(w)
)8
, f±(w) =
∞∏
n=1
(1± wn) . (2.12)
f±(w) are contributions from bosonic oscillators (−) and fermionic ones (+), respectively. The
value of 16 is from the vacuum degeneracy due to the fermionic zero modes. As noted in the
introduction, the trace here is different from the supertrace of the superstring one-loop calculation,
and then the bosonic and fermionic parts do not cancel and lead to the partition function. Its
asymptotic behavior is evaluated in Appendix A.1. Since the initial momentum is given by P iini = 0
and P+ini =
√
N , the terms multiplied by P iini vanish in the expression.
Let us start with the boson emission process:
P (ΦN → ζ(k) + ΦN ′) = 1G(N)
∑
ζ
∮
dw
2πiw
w−N
∮
dv
2πiv
vN−N
′ (|ζ i|2Ω(v,w) +N |ζ−|2)Z(w) .
(2.13)
After the contour integration with respect to v, only the term v−n with n = N − N ′ in the Ω
survives. Note that N > N ′. Thus, we have
P (ΦN → ζ(k) + ΦN ′) = 1G(N)
∑
ζ
|ζ i|2
∮
dw
2πiw
(N −N ′)w−N ′
1− wN−N ′ Z(w) . (2.14)
For large N ′, the integral can be evaluated by the saddle point method. For w = e−β, the dominant
contribution will come from β ≃ 0. By using the modular transformation property of the partition
function, which is shown in Appendix A.1, one finds a saddle point at β = π
√
2/N ′. After the
Gaussian integration around the saddle point and noting
√
N −√N ′ ≃ ω, we obtain
P (ΦN → ζ(k) + ΦN ′) ≃ 1G(N)
∑
ζ
|ζ i|2 (N −N
′)eπ
√
8N ′N ′−
11
4
1− e−
√
2πN−N
′√
N′
(
1 +O(N−1/2))
≃ ω
√
N
e2πω − 1
(
1 +O(N−1/2)) . (2.15)
Hereafter, the O(N−1/2) correction terms, O(1) numerical coefficients, and the summation over the
polarizations will often be implicit. This leads a thermal distribution of the emission rate
ΓB ≃ω
8dω
M2
√
N
eβHω − 1 (2.16)
with the inverse temperature βH = 2π, namely, the inverse Hagedorn temperature.
We move on to the fermion emission rate. We have
P (ΦN → u(k) + ΦN ′)
7
=
1
4G(N)
∑
u
∮
dw
2πiw
w−N
∮
dv
2πiv
vN−N
′
(√
Nua∗ua +
ua˙∗ua˙√
N
Ω(v,w)
)
Ξ(v,w)Z(w) . (2.17)
There are two terms in the parenthesis, and it seems that the first term is dominant since we take
N to be large. It is indeed the case, as explicitly checked by evaluating the contour integrals. A
brief comment on this comparison is found in the last part of Appendix A.2.3. We, thus, focus on
the first term. In the same way as the boson case, we have
P (ΦN → u(k) + ΦN ′) =
√
N
4G(N)
∑
u
|ua|2
∮
dw
2πiw
w−N ′
1 + wN−N ′
Z(w)
≃
√
N
G(N)
∑
u
|ua|2 e
π
√
8N ′(N ′)−
11
4
1 + e
−√2πN−N′√
N′
≃
∑
u
|ua|2
√
N
e2πω + 1
, (2.18)
where the saddle point appears at the same value as the boson case, β = π
√
2/N ′. Thus, we have
the emission rate for massless fermion,
ΓF ≃ω
7dω
M2
√
N
eβHω + 1
, (2.19)
which depends on the same inverse temperature βH .
We make a comment on the twisted trace part. There is also contribution from nonplanar
diagrams, where the copies of the vertex operators are located on the opposite ends of the open
string world sheet. The twisting is realized by the operator[19]
Θ = −(−1)Nˆ , (2.20)
for which the action on the vertex operator is
ΘV ′(k, z)Θ = V ′(k,−z) , (2.21)
where V ′(k, z) denotes the oscillator part of the vertex operator. We need to include the twisted
sector as in [6], by replacing the vertex operator as V (γ, k) → (V (γ, k) + ΘV (γ, k)Θ)/√2. We
then have the untwisted part (taking the first vertex operator squared or the second one squared),
which is equivalent to the one we have already considered. The other is the twisted part, which
comes from the cross terms. The net effect for the twisted part is just to replace the location
of the second vertex operator as V (γ, k,−v). It amounts to replacing Ω(v,w) → Ω(−v,w) and
Ξ(v,w) → Ξ(−v,w) in evaluation of v integral in both the boson and the fermion emission rates.
Therefore, the final form is obtained by multiplying a level-difference-dependent phase factor to
the untwisted result as
ΓB ≃ω
8dω
M2
(−1)N−N ′√N
eβHω − 1 . (2.22)
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This tells that for odd N − N ′, the twisted part contrition will cancel out with the untwisted
one. However, it does not change the thermal behavior of the decay rate, and we simply omit the
contribution from the twisted part.
In order to have a consistent open-closed superstring theory in the flat spacetime of critical
dimensions, it is known that we need to consider unoriented theory with an appropriate Chan-
Paton factor. For simplicity, we first examine the effect of unoriented projection without Chan-
Paton factor. The physical states are to satisfy the condition
|Φ〉 =1 + Θ
2
|Φ〉 . (2.23)
By replacing the initial and the final physical state with these unoriented ones, the calculations are
parallel with the above twisted sector calculations. Finally, we find, for example, for open bosonic
emissions,
ΓB ≃1 + (−1)
N−N ′ − (−1)N − (−1)N ′
4
ω8dω
M2
√
N
eβHω − 1 . (2.24)
If both the initial-state level N and the final oneN ′ are odd, as required by the unoriented projection
condition (2.23), the level-dependent phase factor of (2.24) is trivially unity. Therefore, it does not
have any quantitative effect. After including the Chan-Paton factor, there appear both odd and
even states. They do not mix, and the decay rates for each of them are proportional to oriented
ones. So it would make no difference as long as we are interested in the thermal behavior and we
do not refer to the Chan-Paton factor and unoriented projection in this paper.
2.3 Closed-string emission
We move on to the consideration of emission of massless closed-string states, namely, graviton,
gravitino, dilaton, and so on.
2.3.1 Closed string from a closed superstring
We consider the emission of a massless closed string state from a heavy closed superstring. The
semi-inclusive decay process is the same as the heavy open string case. The mass-shell condition
for the closed string is
M2 =
2
α′
(NR +NL) =
4
α′
N , (2.25)
where L and R refer to the left- and right-moving part as usual. From this, the level difference
between the initial and the final states is found to be
N −N ′ =
√
α′Nω +
α′
4
ω2 . (2.26)
In this case, the momentum operator picks up the initial-state energy P+ini =
√
2N
α′ .
9
The calculation is parallel with the open-string case. The oscillator part of the vertex operator
is factorized as
V (closed)(γ, k, eiτ ) =
∫ π
0
dσ
π
: VL(γL,
k
2 , e
i(τ+σ)) : : VR(γR,
k
2 , e
i(τ−σ)) :
=
∫ π
0
dσ
π
e−2iσ(NˆL−NˆR) : VL(γL, k2 , e
iτ ) : : VR(γR,
k
2 , e
iτ ) : e2iσ(NˆL−NˆR) , (2.27)
where VL,R is either VB or VF , and γ = γL ⊗ γR. As shown, the normal ordering is taken for the
left and right parts individually. Since we consider massless vertex operators, we do not write the
normal ordering symbol hereafter. As we consider a tree level three-point amplitude with closed
string states that satisfy the level matching condition, the σ integral trivially drops out. The initial
and final states are also decomposed into
|Φ(N)〉 = |ΦL(N)〉 ⊗ |ΦR(N)〉 , (2.28)
and these two sectors must have the same level. Then, the projection operator is also decomposed
as
PˆN =
∮
dvL
2πivL
vNˆL−NL ×
∮
dvR
2πivR
vNˆR−NR , (2.29)
which gives ∑
ΦL|N
∑
ΦR|N
|ΦL(N)〉 ⊗ |ΦR(N)〉 =
∑
ΦL
∑
ΦR
PˆN |ΦL〉 ⊗ |ΦR〉 (2.30)
where in the sums on the right-hand side, the levels of ΦL and ΦR are not restricted to be the
same. As shown in Appendix A.1, the density of states for closed string Gcl(N) is the square of the
open-string one. Therefore, the probability can be evaluated as
P (ΦN → γ(k) + ΦN ′)
=
1
Gcl(N)
∑
Φ|N
∑
Φ|N ′
∑
γL,γR
∣∣〈Φ(N ′)∣∣ V (γ, k, 1) |Φ(N)〉 ∣∣2
=
1
Gcl(N)
∑
Φ
∑
Φ′
∑
γL,γR
∣∣∣〈Φ′∣∣ PˆN ′V (γ, k, 1)PˆN |Φ〉 ∣∣∣2
=
1
G(N)
∫
dvL
2πivL
vN−N
′
L
∫
dwL
2πiwL
w−NL
∑
γL
tr
(
VL(γL,
k
2 , 1)
†VL(γL, k2 , vL)w
NˆL
L
)
× 1G(N)
∫
dvR
2πivR
vN−N
′
R
∫
dwR
2πiwR
w−NR
∑
γR
tr
(
VR(γR,
k
2 , 1)
†VR(γR, k2 , vR)w
NˆR
R
)
. (2.31)
After inserting the level projection operator, the calculation is factorized into the left- and right-
moving parts. By setting α′ = 2, it is easy to see that each part is just a copy of the amplitude
of open-string one with α′ = 1/2. We define the contribution of the averaged trace of bosonic and
fermionic vertex operators (with numerical factors neglected),
fB =
∑
ζ
|ζ i|2
√
Nω
e2πω − 1 , fF =
∑
u
|ua|2
√
N
e2πω + 1
, (2.32)
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and the emission rate is
ΓclLR =
ω7dω
M2
fLfR , (2.33)
with L,R being B or F .
First, we consider the case with L = R = B; namely, we prepare the vertex operator for 8v×8v
states, which include the graviton, dilaton, and B-field,
ΓclBB ≃
ω7dω
M2
fBfB =
∑
ζij
(ζ ijζ ij∗)
ω8dω
M2
Nω
(e2πω − 1)2 . (2.34)
In the same manner, 8c × 8s for gravitino and dilatino and 8c × 8c for Ramond-Ramond (R-R)
fields are given by
ΓclFB ≃
ω7dω
M2
fF fB =
∑
uia
|uia|2ω
8dω
M2
N
(e2πω − 1)(e2πω + 1) , (2.35)
and
ΓclFF ≃
ω7dω
M2
fF fF =
∑
ζab
|ζab|2ω
8dω
M2
Nω−1
(e2πω + 1)2
, (2.36)
respectively. For the type IIA closed-string case, the second fermionic state is replaced with 8s,
but the result is essentially the same. It should be noted that the thermal factors for the left and
right mover,
βL = βR = 2π = π
√
2α′ , (2.37)
are half of the inverse Hagedorn temperature for the closed string,
βH = π
√
8α′ = βL + βR , (2.38)
since we are working with α′ = 2.
2.3.2 Closed-string emission from an open superstring
We consider a closed-string state emission from open-string states and use the same closed-string
vertex operator,
V (closed)(γ, k, eiτ ) =
∫ π
0
dσ
π
: VL(γL,
k
2 , e
i(τ+σ)) : : VR(γR,
k
2 , e
i(τ−σ)) : , (2.39)
but now both VL and VR include the same open-string oscillator α
i
n and S
a
n. We work with α
′ = 1/2
and denote the position of the operator by eiσ (we take τ = 0). By using the same trick, we have
P (ΦN → γ(k) + ΦN ′)
=
1
G(N)
∑
Φ|N
∑
Φ|N ′
∑
γ
∣∣ 〈Φ(N ′)∣∣ V (closed)(γ, k, 1) |Φ(N)〉 ∣∣2
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=
1
G(N)
∫ π
0
dσ
π
∫ π
0
dσ′
π
∮
dv
2πv
vN−N
′
∮
dw
2πw
w−N
× tr
[
V †R(γR,
k
2 , e
−iσ′)V †L(γL,
k
2 , e
iσ′)VL(γL,
k
2 , ve
iσ)VR(γR,
k
2 , ve
−iσ)wNˆ
]
. (2.40)
Here VL,R is either VB or VF .
Although we have now four vertex operators inside the trace, the calculation is similarly straight-
forward but lengthy. The evaluation has been done in Appendix A.2.2, and we cite the result in
the following. When VL = VR = VB , namely, an NS–NS massless state emission case, we find
ΓBB ≃
∑
i,j
ω8dω
M2
Nω
(eπω − 1)2 ×

ζ
ij(ζ ij + ζji)∗ N −N ′ = even
ζ ij(ζ ij − ζji)∗ N −N ′ = odd
. (2.41)
In this case, only the symmetric (antisymmetric) part is emitted when the level difference is even
(odd). Note that the level difference is restricted to be even when we consider the unoriented
theory, and then this selection rule is consistent with the unoriented projection. For VL = VF and
VR = VB , namely, a massless fermionic state emission,
ΓFB ≃
∑
i,a
|ζ i|2|ua|2ω
8dω
M2
N
(eπω − 1)(eπω + 1) , (2.42)
where the numerical coefficients may be different for N −N ′ even or odd. We are only interested
in the ω-dependent part of the emission rate and N dependence. Finally, when VL = VR = VF , an
R–R boson emission rate is
ΓFF ≃
∑
a,b
ω8dω
M2
ω−1N
(eπω + 1)2
×

u
ab(uab − uba)∗ N −N ′ = even
uab(uab + uba)∗ N −N ′ = odd
. (2.43)
Now the antisymmetric part is emitted when the level difference is even. For fermionic sectors, the
unoriented projection picks up the graded-symmetrized states[19], and then it is again consistent
with the unoriented projection.
Recall that we are working with α′ = 1/2 here. On the other hand, for closed-string emission
from a heavy closed superstring, we used α′ = 2. By taking this difference into account, one can find
that the ω-dependent part of the emission rate is the same for heavy open and closed superstrings.
2.4 Summary of the results and discussion
The emission rate we have calculated so far can be written as
Γ ≃ ω
8dω
M2
σ(ω)
eβHω ∓ 1 , (2.44)
where the − sign is for massless boson emissions and the + for fermionic ones. βH = π
√
8α′ is
the inverse Hagedorn temperature. σ(ω) is the greybody factor and σ(ω) = 1 means the pure
blackbody radiation. The results are at the leading order in the coupling constant gs and 1/N
and are valid for
√
α′ω ≪ √N . We omit O(1) numerical coefficients, and the summation over the
polarizations is implicit.
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All the information is now packed in σ(ω). For massless open-string state emission, we have
found
σ
(op)
B =g
2
s
√
N · 1 , σ(op)F = g2s
√
N · ω−1 , (2.45)
where in order to show explicitly that this is the leading order in the coupling constant, we inserted
the open-string coupling constant gs (we consider the amplitude squared). B and F stand for boson
and fermion massless state emission, respectively. For massless closed string state emissions, both
from heavy open and closed superstrings, we have found
σ
(cl)
BB =g
4
sN ·
ω(eβHω − 1)
(e
βHω
2 − 1)2
, (2.46)
σ
(cl)
FB =g
4
sN ·
eβHω + 1
(e
βHω
2 − 1)(eβHω2 + 1)
, (2.47)
σ
(cl)
FF =g
4
sN ·
ω−1(eβHω − 1)
(e
βHω
2 + 1)2
. (2.48)
Here, BB stands for the massless states corresponding to VB ⊗ VB vertex operator, and so on.
First of all, one should notice that the greybody factors of massless closed string emissions have
the same form regardless of whether its source is a heavy open superstring or a closed one. This
may be explained by the fact that to the leading order, the emission of massless states is local
on the world sheet. So the emitted massless states are only affected by the excited level of the
heavy string but not by its topology. Since open and closed superstrings have very different sets of
states at a given level N , it is interesting to see that the averaged states exhibit the same thermal
behavior. It should also be noted that σBB has the same form as the greybody factor of the near
BPS D1–D5 black hole system[15, 16], with different β. (This fact has already been pointed out by
Amati and Russo[6] for the bosonic string case.) As for fermion emissions, σFB is slightly different
from the one calculated in [20] by a factor of ω, which may be due to a formal s-wave limit discussed
later, but the exponential factors are the same. It should be interesting to study more on why this
universal form appears.
The massless boson states of an open superstring show the blackbody spectrum. The fermionic
states have nontrivial ω−1 dependence, which might be interpreted as an s-wave extrapolation of
blackbody result shown below. Intuitively, we may understand why an open string has a blackbody
spectrum in the following way. The greybody factor is identified with the absorption cross section.
Now, we cast a massless open-string state from an asymptotic infinity toward a heavy open su-
perstring. When the massless state is absorbed into the heavy string, we observe the probability
that the same state is reflected back from the string with the same energy. To the leading order,
an open-string state can be captured or emitted only from the ends of the heavy open string. An
open string may split at any point into two open strings, but in order to emit a massless state,
the interaction has to take place exactly at each of the two ends. The splitting probability of an
open string is uniform[4], and then for a heavy and long open string at level N , the probability of
emitting massless states is suppressed by 1/N (or 2/N to be more precise). Thus, for asymptotic
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observers, a heavy open string can be viewed as a hole of a cavity; namely, once it absorbs a wave of
a certain frequency, it will hardly reemit it. We can then interpret the heavy open-string emission
rate as a cavity radiation. On the other hand, closed strings can emit massless states from any
point of the world sheet. So the probability is not dumped as the level gets higher, and it may
have a nontrivial greybody factor to the leading order in 1/N .
It is also interesting to compare our result with the greybody factors of black holes in higher
dimensions. In four dimensions, the greybody factors of spherically symmetric black holes for
bosons and fermions are calculated in [21, 22]. In higher dimensions, the formulas are derived by
[23, 24, 25]. It can be schematically written as
Γ ≃σjs(ω)ω
8dω
eβω ∓ 1 , (2.49)
in ten dimensions, where σjs(ω) is the greybody factor for spin-s field. j denotes the total angular
momentum of the partial wave, and some examples for lower s are
σj0 = ω
2j , σj 1
2
= ω2j−1 , σj1 = ω2j . (2.50)
Here, we write down only ω dependence and neglect other factors including the dependence of the
profile of the black hole. It satisfies the constraint j ≥ s, and for the ω small region, the dominant
contribution comes from the modes j = s. For the first few modes, the results are
σ00 = 1 , σ 1
2
1
2
= 1 , σ11 = ω
2 , (2.51)
and so on. Note that in our calculation of open-string state emission, the boson is a vector field,
and the fermion is a Dirac field. So the results do not agree with the black hole ones. However,
in our calculation, we integrate over the angular dependence of the decay rate, and it essentially
picks up the s-wave part (j = 0 part) of the partial wave decomposition. In the above formulas for
black holes, if we take a formal limit of j = 0, we get
σboson, j=0 = 1 , σfermion, j=0 = ω
−1 , (2.52)
which depends only on whether s is an integer or a half-integer. This resembles our result for mass-
less open-string state emission, but we do not claim that this procedure is completely justifiable.
We leave further study on this suggestive observation to the future.
If we look at a particularly low-energy emission, ω ≪ TH , we can expand the exponential factor
to find that all the emission rates take the form of
Γ ∼
(
g2s
√
N
)α ω7dω
M2
, (2.53)
with α = 1 for emission from a heavy open string and α = 2 for that from a closed one. In this
regime, the law of equal partition works well, and there will be no distinction between bosonic and
fermionic emission. We, thus, have a thermodynamically acceptable result.
In the emission rates we have calculated, the coupling constant and the excited level N of the
heavy string appears in the combination of g2s
√
N . As a 1/N expansion, the subleading corrections
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are found to be O(N−1/2). It would be interesting to investigate how the higher-order corrections in
gs depend on N . We may imagine that the subleading corrections appear in the same combination,
and if it were the case, the perturbative calculation is valid for gs ≪ N−1/4, which is smaller than
the corresponding point value gs ∼ N−1/4 in the large-N limit. Namely, when g2s
√
N ≃ 1, near the
corresponding point, the perturbative expansion of this type becomes invalid. Another possibility
is that the subleading corrections have the same order in N , and the perturbative corrections are
negligible when gs ≪ 1. In this case, when gs ∼ N−1/2, the corrections become the same order as
the 1/N corrections of the leading order, and a perturbative calculation might be useful even near
the corresponding point. Of course, correction terms may appear in a completely different way.
However, the form of the higher-order corrections may tell us in what regime of gs and N we can
use perturbation theory and whether we may approach the black hole/string corresponding point.
3 Conclusion
In this paper, we have calculated the semi-inclusive decay rates of very massive open and closed
superstrings in the flat background by use of the Green-Schwarz superstring in the light-cone
gauge. We focus on the emission of massless open- and closed-string states. The initial state is
averaged over all the states at a fixed level N , and the final state is summed over. In this setup,
we find that the emission rates for all the cases, open- and closed-string massless states from a
heavy open superstring and closed string massless states from a heavy closed superstring, exhibit
the thermal distribution of the Hagedorn temperature with possible greybody factor corrections.
In the thermal distribution at the Hagedorn temperature, the dominant emission channel for an
asymptotic observer is due to massless states, and our result provides the leading order of the
emission spectrum of a heavy superstring.
It is notable that they have the same leading-order string coupling gs and the initial excited
level N dependence, contrary to the suggestion in the previous literature. It is also interesting that
the greybody factors for massless closed-string emission take the same form in the cases of decay
from both heavy open and closed superstrings.
For open-string massless states from a heavy open superstring, the emission rate of bosonic
states exhibits the blackbody behavior, while the fermion emission part involves a greybody factor
σ = ω−1. These behaviors approximate the s-wave approximation of the black hole greybody
factors but do not really agree with the greybody factors in the physical regime. This result may
suggest that a heavy open superstring would hardly reflect back the incoming massless states once
absorbed and would exhibit the thermal spectrum of the cavity radiation.
As for closed massless states emission, the greybody factors do not depend on whether it is
from heavy open superstring or closed one. This suggests that these two heavy string states, as
thermal equilibrium states, have a common essential property. The frequency-dependent part of
the greybody factors also takes very similar forms to those of D1–D5 near BPS black holes. So
such a heavy superstring would also share the essential property with this BPS black holes. It will
be interesting to study the origin of this similarity.
15
There will be a lot of future directions, on top of the ones we have proposed so far here and
in Section 2.4. It is interesting to consider the scattering process with a heavy string state. This
analysis should clarify if the “greybody factor” found here indeed has the interpretation of the
absorption cross section. Another issue may be to observe the detailed angular dependence of the
heavy string decay. The partial waves of massless states exhibit different behavior in the case of
the black hole. It is, thus, worth carrying out a partial wave analysis to observe that the angular
dependence also gives a consistent result or there appear some differences.
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A Miscellaneous Calculations
A.1 Density of states and Hagedorn temperature
We are to evaluate the density of states at a high level in the Green-Schwartz open superstring
theory in the light-cone gauge. The oscillators satisfy the standard (anti)commutation relations,
[αin, α
j
m] =nδ
ijδn+m , {San, Sbm} = δabδn+m , (A.1)
and the level operator is Nˆ =
∑∞
n=1(α
i−nαin + nSa−nSan). We sometimes refer to the bosonic and
the fermionic parts as NˆB and NˆF respectively. We consider the following partition function:
Z(w) =trwNˆ =
∞∑
n=1
G(n)wn = 16
(
f+(w)
f−(w)
)8
= 16
[
θ4
(
0
∣∣∣∣− iπ lnw
)]−8
, (A.2)
where 16 is the degeneracy of the ground state and
f±(w) =
∞∏
n=1
(1± wn) (A.3)
is the contribution of each fermionic (+) and bosonic (−) mode, respectively. θ4(ν|τ) is Jacobi’s
elliptic function,
θ4(ν|τ) =
∞∑
n=−∞
(−1)nqn2e2inπν , (q = eiπτ ) (A.4)
which enjoys the Modular transformation property[19],
θ4(0|τ) =
(
− ln q
π
)−1/2
θ2(0| − 1/τ) , θ2(0|τ) = 2q1/4f−(q2)
(
f+(q
2)
)2
, (A.5)
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that is used below.
With w = e−β, we calculate the density of states by
G(N) =
∮
dw
2πiw
w−NZ(w) =
∮
dβ
2πi
eNβZ(e−β) , (A.6)
and for large N , this can be evaluated by using the saddle-point method. By use of the modular
transformation property, one obtains
f−(w)
f+(w)
=
(
− lnw
π
)−1/2
2w˜1/4f−(w˜2)f+(w˜2)2, (w˜ = e−π/β) , (A.7)
and then easily finds the saddle point,
β =π
√
2
N
. (A.8)
After integrating out the Gaussian fluctuation, we find
G(N) ≃2 4
√
2N−
11
4 eπ
√
8N . (A.9)
Using M =
√
N/α′, this can be translated into the asymptotic mass density,
ρ(M) ∼M− 92 eπ
√
8α′M , (A.10)
which gives the inverse Hagedorn temperature βH = π
√
8α′.
For closed string, the number operator is Nˆ = 12
(
NˆL + NˆR
)
, and NˆL and NˆR are for the left-
moving oscillators αin and S
a
n and the right ones α˜
i
n and S˜
a
n, respectively. Then, the closed-string
level density appears to be the square of the open-string one,
Gcl(N) = (G(N))2 . (A.11)
It is translated into the mass density as
ρcl(M) ∼M−10eπ
√
8α′M . (A.12)
The Hagedorn temperature of the closed superstring theory is, therefore, the same as that of the
open superstring theory.
A.2 Evaluation of the probability
A.2.1 Open-string vertex operators in open superstring theory
We first present an explicit computation of the following traces:
tr
(
VB(ζ, k, 1)
†VB(ζ, k, v)wNˆ
)
, tr
(
VF (u, k, 1)
†VF (u, k, v)wNˆ
)
, (A.13)
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where the vertex operators are2
VB(ζ, k, z) =
(
ζ i(k)Bi − ζ−(k)p+) eik·X(z) , (A.15)
VF (u, k, z) =
(
ua(k)F a + ua˙(k)F a˙
)
eik·X(z) , (A.16)
with
Bi =X˙i −Rijkj , (A.17)
F a =
√
p+Sa , F a˙ =
1√
p+
(
γia˙aX˙
iSa +
1
3
: (γiS)a˙Rij : kj
)
, (A.18)
and
Rij =
1
2
SaγijabS
b (A.19)
is the generator of the rotation. In this subsection, we take α′ = 1/2 and p+ and pi are understood
to be already evaluated by the initial state values P+ini =
√
N and P iini = 0 in the trace. γ
i
a˙a
and γiaa˙ are 8 × 8 matrices, from which SO(8) gamma matrices are constructed. γijab is the usual
antisymmetrized product of these matrices. This form of the vertex operators is valid in the frame
k+ = 0. As argued in the beginning of Section 2.2, our setup is consistent with this choice. Because
of this choice, the transverse polarization tensor ζ i and chiral spinor ua˙, which have the sufficient
degrees of freedom to represent physical states in general, obey extra constraints,
kiζ i(k) = 0 , γiaa˙k
iua˙(k) = 0 , (A.20)
and then there is missing one (four) degree(s) of freedom for a boson (fermion). We then need to
supply
ζ− = lim
k+→0
ζ iki
k+
, ua = lim
k+→0
−γ
i
aa˙k
iua˙(k)
k+
(A.21)
to fill out the degrees of freedom, and the vertex operators include these degrees of freedom.
Let us calculate the M -point function of the following operator:
Vζ(k, ρ) = exp
(
ik ·X(ρ) + ζ · X˙(ρ)) (A.22)
by use of the standard coherent state method[19, 10]. One finds
trB
[
Vζ1(k1, ρ1) · · · VζM (kM , ρM )wNˆB
]
=f−(w)8 exp
[∑
r<s
(ks · kr lnψ(csr, w) + (ζs · kr − ζr · ks)η(csr, w) + ζs · ζrΩ(csr, w))
]
, (A.23)
2We follow the convention of [19]. The normalization of the fermionic oscillator is the one taken in Chapter 5 of
it,
S
a(τ ) =
1
√
2
∑
n
S
a
ne
−inτ
. (A.14)
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where
lnψ(c, w) =−
∞∑
n=1
cn + (w/c)n − 2wn
n(1− wn) , (A.24)
η(c, w) =−
∞∑
n=1
cn − (w/c)n
1− wn = c
∂
∂c
lnψ(c, w) , (A.25)
Ω(c, w) =
∞∑
n=1
n
cn + (w/c)n
1− wn = −c
∂
∂c
η(c, w) . (A.26)
They are the oscillator part of the corresponding functions for the standard one-loop amplitudes[19].
The desired M -point function for ζ · X˙eik·X is obtained by taking the linear term in ζ.
In the calculation of the main part, the vertex operators are those for massless states, (ki)2 =
ζ iki = 0. Together with these on-shell conditions, we find
trB
(
e−ik·X(1)eik·X(v)wNˆB
)
=f−(w)−8 , (A.27)
trB
(
e−ik·X(1)X˙i(v)eik·X(v)wNˆB
)
=trB
(
X˙i(1)e−ik·X(1)eik·X(v)wNˆB
)
=− kiη(v,w)f−(w)−8 , (A.28)
trB
(
X˙i(1)e−ik·X(1)X˙j(v)eik·X(v)wNˆB
)
=δijΩ(v,w)f−(w)−8 . (A.29)
Next we move on to the fermionic oscillator part. The basic trace is
trF (w
NˆF ) =16 f+(w)
8 , (A.30)
where 16 comes from the vacuum degeneracy on the fermion zero modes. We now insert the
fermionic operators Sa(z). Since (San)
2 = 0 for n 6= 0, there needs to be the equal number of
the raising oscillator Sa−n and the corresponding lowering oscillator San with n > 0. Therefore, for
example,
trF
(
Sa†(1)Sb(v)wNˆF
)
=
1
2
∞∑
n,m=−∞
trF
(
Sa−nS
b
mv
−m w
∑
ℓ ℓS
c
−ℓS
c
ℓ
)
=8 δabf+(w)
8Ξ(v,w) , (A.31)
where Ξ(v,w) is defined in (2.11). Because of δab, it is easy to see that
trF (R
ijwNˆF ) = 0 . (A.32)
The other combinations of the fermionic operators that appear in our trace calculations are
trF
[
Sa(1) : SbRij : (v)wNˆF
]
=γijcd δ
adδbcf+(w)
8Ξ(v,w) , (A.33)
trF
[(
: SbRij : (1)
)†
Sa(v)wNˆF
]
=γijcd δ
adδbcf+(w)
8Ξ(v,w) , (A.34)
trF
[(
: SaRij : (1)
)†
: SbRkl : (v)wNˆF
]
=
1
8
γijcdγ
kl
efδ
df f+(w)
8
19
×
(
δacδbeΞ(v,w) + 2(δabδce − 2δaeδbc)Ξ(v,w)3
)
. (A.35)
With these preparations and by taking the conditions kiki = ζ iki = 0 into account, the boson
emission vertex trace is evaluated as
tr
(
VB(ζ, k, 1)
†VB(ζ, k, v)wNˆ
)
=
(|ζ i|2Ω(v,w) + |ζ−|2(p+)2)Z(w) , (A.36)
where it is easy to see that the contributions involving Rijkj vanish.
For the fermion emission vertex part, tr
(
VF (u, k, 1)
†VF (u, k, v)wNˆ
)
, the part that is quadratic
in ua(k)F a is, for example,
p+
2
ua∗ubtrB
(
e−ik·X(1)eik·X(v)wNˆB
)
trF
(
Sa(1)Sb(v)wNˆF
)
=
1
4
p+|ua|2Z(w)Ξ(v,w) . (A.37)
The quadratic part of F a˙ takes a more complicated form, as seen in the above trace results, but it
gets simplified by use of the equation of motion, γiaa˙k
iua˙(k) = 0, and
tr
(
VF (u, k, 1)
†VF (u, k, v)wNˆ
)
=
1
4
[
p+ua∗ua + ua˙∗γia˙bu
bpi + ua∗γi
ab˙
ub˙pi
+
ua˙∗ua˙
p+
(
(pi)2 +Ω(v,w)
)]
Ξ(v,w)Z(w) . (A.38)
The probabilities are evaluated in Section 2.2 by use of these trace expressions.
A.2.2 Closed-string vertex operators in open superstring theory
The closed-string vertex operator is given by
V (closed)(γ, k, eiτ ) =
∫ π
0
dσ
π
: VL(γL, kL, e
i(τ+σ)) :: VR(γR, kR, e
i(τ−σ)) : , (A.39)
where kL = kR =
k
2 and γ = γL⊗γR. VL and VR are either VB or VF of the open superstring vertex
operator, each of which is normal ordered as shown, but the whole is not. We have the following
three kinds of probabilities.
BB part: The vertex operator is
VBB(ζ ⊗ ζ¯ , k, eiτ ) =
∫ π
0
dσ
π
VB(ζ, kL, e
i(τ+σ))VB(ζ¯ , kR, e
i(τ−σ)) , (A.40)
and the probability is given by
1
G(N)
∮
dv
2πiv
vN−N
′
∮
dw
2πiw
w−N tr
(
V†BB(ζ ⊗ ζ¯, k, 1)VBB(ζ ⊗ ζ¯, k, v)wNˆ
)
=
1
G(N)
∫ π
0
dσ
π
∫ π
0
dρ
π
∮
dv
2πiv
vN−N
′
∮
dw
2πiw
w−N
× tr
[(
(ζ¯∗iBi − ζ¯∗−p+)e−ikR·X(c1)
)(
(ζ∗jBj − ζ∗−p+)e−ikL·X(c2)
)
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× ((ζkBk − ζ−p+)eikL·X(c3))((ζ¯ lBl − ζ¯−p+)eikR·X(c4))wNˆ
]
, (A.41)
where c1 = e
−iρ, c2 = eiρ, c3 = veiσ, and c4 = ve−iσ . Since (ki)2 = kiζ i = kiζ¯ i = 0, one can
easily see that the terms involving Rijkj inside Bi do not contribute to the trace. We temporarily
neglect the terms including ζ−, which will turn out to be subleading in 1/N . Therefore, this trace
is essentially the M = 4 case of (A.23) with four X˙ insertions. Therefore,
(A.41) =
∫ π
0
dσ
π
∫ π
0
dρ
π
∮
dv
2πiv
vN−N
′
∮
dw
2πiw
w−N
(|ζ · ζ¯|2Ω(c21, w)Ω(c43, w)
+|ζ · ζ¯∗|2Ω(c31, w)Ω(c42, w) + |ζ|2|ζ¯|2Ω(c41, w)Ω(c32, w)
)
Z(w) , (A.42)
where crs = cr/cs. The v integral again picks up the terms including v
−(N−N ′) with N −N ′ > 0.
So the first term drops out since c21 and c43 are independent of v. We have a double sum from the
quadratic of Ω(v,w), and after the v integration, we are left with a single sum over positive integer
n. ρ and σ integrals give a projection condition for N −N ′, and we get
(A.42)
=
1
G(N)
∮
dw
2πiw
w−N
(
ζ ij(ζ ij∗ + ζji∗)P1(w)
1 + (−1)L
2
+ ζ ij(ζ ij∗ − ζji∗) 2
π2
P2(w)
1 − (−1)L
2
)
Z(w) ,
(A.43)
where L = N −N ′ = √2Nω +O(1) > 0 and
P1(w) =
(
L
2
)2 wL(
1− wL2
)2 , (A.44)
P2(w) =2
∞∑
n=1
n(n+ L)
(2n+ L)2
wL+n
(1− wn)(1 − wn+L) +
L−1∑
n=1
n(L− n)
(2n− L)2
wL
(1− wn)(1− wL−n) . (A.45)
We have also defined ζ ij = ζ i⊗ ζ¯j. So far, we have not relied on any approximation. We are going
to evaluate the w integral by the saddle-point method as before. In the P2(w) part, we need to
further evaluate where the dominant contribution comes from. As examined in Section A.2.3, it
turns out that the dominant contribution comes from the second finite sum with n = (L+1)/2+k,
where k runs over an O(1) region, and we concentrate on this contribution. For the P1 part in
(A.43), the w integral is very similar to the open-string vertex operator case (L is assumed to be
even),
ζ ij(ζ ij∗ + ζji∗)
1
G(N)
∮
dw
2πiw
w−NP1(w)Z(w) ≃ζ ij(ζ ij∗ + ζji∗) Nω
2
(eπω − 1)2 . (A.46)
For the P2 part, we consider only the second sum with n = (L + 1)/2 + k and find (L is assumed
to be odd)
O(1)∑
k=−O(1)
2ζ ijζ∗[ij]
2
π2
L2/4
(2k + 1)2
1
G(N)
∮
dw
2πiw
w−N
wL
(1− wL2 +k+ 12 )(1− wL2 −k− 12 )
Z(w)
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≃ 1
2π2
O(1)∑
k=−O(1)
2ζ ijζ∗[ij]
(N −N ′)2
(2k + 1)2
e−2πω
(1− e−πω−(k+
1
2
)π
√
2
N′ )(1− e−πω+(k+
1
2
)π
√
2
N′ )
≃2ζ ijζ∗[ij] Nω
2
(eπω − 1)2
O(1)∑
k=−O(1)
1/2π2
(2k + 1)2
≃ζ ijζ∗[ij] Nω
2
(eπω − 1)2 , (A.47)
where we have omitted an O(1) numerical coefficient. Thus up to a numerical coefficient, the
probability is the same as the L even part.
Now we come back to the part that depends on ζ−. Due to (ki)2 = ζ iki = ζ¯ iki = 0, it is easy to
see that only the terms with an even number of ζ− survive in the trace. The quartic term in ζ− is
independent of v, and then it drops out after the v integral. The only relevant terms are quadratic
in ζ−, and
tr
(V†BB(k, 1)VBB(k, v)wNˆ )
∣∣∣∣
quadratic in ζ−
=Nζ¯−∗ζ−ζ i∗ζ¯ iΩ(c42, w) + |ζ¯−|2|ζ i|2Ω(c32, w) + |ζ−|2|ζ¯ i|2Ω(c41, w) + ζ−∗ζ¯−ζ¯ i∗ζ iΩ(c31, w) . (A.48)
The integrals with respect to v, ρ, σ and w are easily carried out, and it turns out that these terms
are of order one, and, thus, are subleading contributions.
FB part: The vertex operator is
VFB(u⊗ ζ, k, eiτ ) =
∫ π
0
dσ
π
VF (u, kL; e
i(τ+σ))VB(ζ, kR; e
i(τ−σ)) (A.49)
and the probability is given by
1
G(N)
∮
dv
2πiv
vN−N
′
∮
dw
2πiw
w−N tr
(
V†FB(u⊗ ζ, k, 1)VFB(u⊗ ζ, k, v)wNˆ
)
=
1
G(N)
∫ π
0
dσ
π
∫ π
0
dρ
π
∮
dv
2πiv
vN−N
′
∮
dw
2πiw
w−N
× tr
[
(ζ i∗Bi† + ζ−∗p+)e−ikR·X(c1)(ua∗F a† + ua˙∗F a˙†)e−ikL·X(c2)
× (ubF b + ub˙F b˙)eikL·X(c3)(ζjBj + ζ−p+)eikR·X(c4)wNˆ
]
. (A.50)
Here, we will neglect the contributions from F a˙ parts which is 1/p+ = N−1/2 smaller than F a
and would be subleading. For open-string massless states emission, this fact has been explicitly
confirmed. c1, · · · , c4 are the same ones in the BB part. For the bosonic vertex operator part, the
terms including an odd number of ζ−p+ vanish due to the equation of motion of ua. The terms
like Rijkk can also be omitted due to (ki)2 = ζ iki = 0. We then have two kinds of terms. First,
for terms of the quadratic in ζ−p+, the trace is evaluated as
|ζ−p+|2u∗aubtrB
(
e−
i
2
k·X(c1)e
i
2
k·X(c4)wNˆB
)
· p+trF
(
Sa(c2)S
b(c3)w
NˆF
)
22
=
1
4
|ζ−|2N3/2|ua|2Ξ(c41, w)Z(w) (A.51)
and the explicit evaluation of integrals shows that it is O(N−1/2) and negligible. The other term is
1
G(N)
∫ π
0
dσ
π
∫ π
0
dρ
π
∮
dv
2πiv
vN−N
′
∮
dw
2πiw
w−N
× ζ∗iζju∗aubtrB
(
X˙ie−
i
2
k·X(c1)X˙je
i
2
k·X(c4)wNˆB
)
· p+trF
(
Sa(c2)S
b(c3)w
NˆF
)
=
√
N |ζ i|2|ua|2
4G(N)
∫ π
0
dσ
π
∫ π
0
dρ
π
∮
dv
2πiv
vN−N
′
∮
dw
2πiw
w−NΩ(c41, w)Ξ(c32, w)Z(w)
=
√
N
4
|ζ i|2|ua|2
∮
dw
2πiw
w−N
[
P¯1(w)
1 + (−1)L
2
+
4
π2
P¯2(w)
1 − (−1)L
2
]
Z(w) , (A.52)
where L = N −N ′ and
P¯1(w) =
L
2
wL
1− wL , (A.53)
P¯2(w) =2
∞∑
n=1
n
(2n + L)2
wL+n
(1− wn)(1 + wL+n) +
L−1∑
n=1
n
(2n− L)2
wL
(1− wn)(1 + wL−n) +
1
2L
wL
1− wL .
(A.54)
For P¯2(w) part, the dominant contribution comes from again n = (L+ 1)/2 + k with k = O(1) of
the second sum, and after evaluating all the integrals, one gets
(A.52) ≃|ζ i|2|ua|2 Nω
e2πω − 1 , (A.55)
where L-even and -odd parts would have different O(1) numerical coefficients.
FF part: The vertex operator we use is
VFF (u⊗ u¯, k, eiτ ) =
∫ π
0
dσ
π
VF (u, kL, e
i(τ+σ))VF (u¯, kR, e
i(τ−σ)) (A.56)
and we will evaluate
1
G(N)
∮
dv
2πiv
vN−N
′
∮
dw
2πiw
w−N tr
(
V†FF (u⊗ u¯, k, 1)VFF (u⊗ u¯, k, v)wNˆ
)
=
1
G(N)
∫ π
0
dσ
π
∫ π
0
dρ
π
∮
dv
2πiv
vN−N
′
∮
dw
2πiw
w−N (p+)2u¯∗a(kR)u∗b(kL)uc(kL)u¯d(kR)
× (f−(w))−8 trF
[
Sa(c1)S
b(c2)S
c(c3)S
d(c4)w
NˆF
]
, (A.57)
where we have omitted again the subleading terms F a˙. All we need to do is to evaluate this
fermionic trace, and after some algebra, we find
trF
(
Sa(c1)S
b(c2)S
c(c3)S
d(c4)w
NˆF
)
=4(f+(w))
8
[
δabδbcδcd
(
− 1
2
+ Ξ(c21c43, w) −
∞∑
m=1
(cm21 + (w/c21)
m) (cm43 + (w/c43)
m)
(1 + wm)2
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+
∞∑
m=1
(cm31 + (w/c31)
m) (cm42 + (w/c42)
m)
(1 + wm)2
−
∞∑
m=1
(cm41 + (w/c41)
m) (cm32 + (w/c32)
m)
(1 + wm)2
)
+ δabδcdΞ(c43, w)Ξ(c21, w) − δacδbdΞ(c42, w)Ξ(c31, w) + δadδbcΞ(c41, w)Ξ(c32, w)
]
. (A.58)
Here, c21 and c43 do not depend on v, and the terms only including these two variables vanish after
the v integral. The other δabδbcδcd part turns out to cancel exactly after the v, ρ, and σ integrals.
Therefore, we finally have
(A.57) =
N
4
u¯∗au∗bucu¯d
∮
dw
2πiw
w−NZ(w)
×
[(
δadδbc − δacδbd
)
P˜1(w)
1 + (−1)L
2
+
(
δadδbc + δacδbd
) 4
π2
P˜2(w)
1 − (−1)L
2
]
,
(A.59)
where L = N −N ′ and
P˜1(w) =
wL(
1 + w
L
2
)2 , (A.60)
P˜2(w) =2
∞∑
n=1
1
(2n + L)2
wn+L
(1 + wn)(1 + wL+n)
+
L−1∑
n=1
1
(2n− L)2
wL
(1 + wn)(1 + wL−n)
+
1
L2
wL
1 + wL
.
(A.61)
Again, only the n = (L+1)/2+k part of the second sum gives the dominant contribution in P˜2(w).
The parts in which L is even and odd are evaluated as
(A.59) =Cuab(uab − uba) N
(eπω + 1)2
1 + (−1)L
2
+ C ′uab(uab + uba)
N
(eπω + 1)2
1− (−1)L
2
, (A.62)
where C,C ′ are certain O(1) numerical coefficients. We have defined uab = ua ⊗ u¯b.
A.2.3 Evaluation of the dominant contribution in the summation
When we evaluate the probability P (ΦN → γ(k)+ΦN ′), we sometimes need to evaluate an infinite
sum, such as (A.45) and to figure out from which part of the sum the dominant contribution comes.
We now take the P2(w) that appears in the BB part calculation as an example and demonstrate
that the n = (L+ 1)/2 + k part gives a leading contribution. We evaluate the w integral of P2(w)
(defined by (A.45)),
1
G(N)
∮
dw
2πiw
w−N
[
2
∞∑
n=1
n(n+ L)
(2n + L)2
wL+n
(1− wn)(1 − wn+L) +
L−1∑
n=1
n(L− n)
(2n− L)2
wL
(1− wn)(1 − wL−n)
]
Z(w) .
(A.63)
Recall that L = N − N ′ > 0 and only the L-odd case is relevant. We set w = e−β and evaluate
the β integral by the saddle-point method. First, we consider the n ≫ N case. In this case, the
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saddle point is determined by the wn part, which is now at β = π
√
2/n, and after the saddle-point
approximation,
(A.63) ≃ 1G(N)n
− 11
4 eπ
√
8n
∑
n≫N
e
N′π
√
2√
n
(e
√
2nπ − 1)(e
√
2nπ − eLπ
√
2
n )
≃
(
N
n
) 11
4
exp
(
N ′π
√
2√
n
− π
√
8N
) ∑
n≫N
1
(1− e−
√
2nπ)(1− e (L−n)π
√
2
n )
. (A.64)
The overall factor is small like e−
√
N , and then this part has an exponentially small contribution
for large N .
Next, we consider the case with n = O(N). The saddle point is shifted due to the wn part to
β = π
√
2/(N ′ + n). After the saddle-point approximation, we find
(A.63) ≃
(
N ′ + n
N
)− 11
4
e
π
√
8(N ′+n)− 2nπ
√
2√
N′+n
−π√8N ∑
n∼O(N)
1
(1− e−
nπ
√
2√
N′+n )(1− e
(L−n)π
√
2√
N′+n )
. (A.65)
The factor inside the sum is not large. We take n = cN with c = O(1) > 0 and evaluate the overall
exponential factor,
exp
(
π
√
8(N ′ + n)− nπ
√
8√
N ′ + n
− π
√
8N
)
= exp
(
π
1−√1 + c√
1 + c
√
8N +O(1)
)
. (A.66)
Since c > 0, we find that this factor is exponentially small for large N . Therefore, we conclude that
the n = O(N) part does not give a leading-order contribution.
Finally, we evaluate the case with n ≪ N . In this case, the saddle point for the β integral is
the same as before, β = π
√
2/N ′. After evaluating the integral, we have
(A.63) ≃e−2πω
∑
n≪N
[
2n(n+ L)
(2n+ L)2
e
−π√2 n√
N′
(1− e−π
√
2 n√
N′ )(1 − e−2πω−π
√
2 n√
N′ )
+
n(L− n)
(2n− L)2
1
(1− e−π
√
2 n√
N′ )(1− e−2πω+π
√
2 n√
N′ )
]
, (A.67)
where the overall factor in front of the sum is O(1). We evaluate the sum in order:
1. n = O(1): The summation can be written as
∑
n=O(1)
O(N−1/2)
√
N/n
1− e−2πω (A.68)
where one of the exponential factor is expanded. Each term is O(1) and there are in total
O(1) number of terms. So the contribution from this part will be O(1).
2.
√
N ≪ n ≪ N : The second sum does not have this range of n. The first sum has an expo-
nential dumping factor e−n/
√
N , and then this part has an exponentially small contribution.
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3. n = O(√N): Inside the sum, each of the exponential term is O(1). The factor in front of it
is, in general,
n(L± n)
(2n ± L)2
∣∣∣∣
n=O(√N)
= O(1) (A.69)
since L = O(√N). The number of the sum is much smaller than O(N) and then the contri-
bution is much smaller than O(N). However, in the second sum, when n = (L + 1)/2 + k,
the above factor gets enhanced and becomes O(N). k is O(1) and then the number of the
sum is O(1). So this part will give a leading-order contribution that is O(N).
In summary, when we evaluate P2(w), we need to consider only the n = (L + 1)/2 + k with k
being O(1) part of the second finite sum as a leading-order contribution. We can evaluate (A.54)
and (A.61) in a similar way, and it is not difficult to conclude that the leading-order contribution
is only from n = (L+ 1)/2 + k of the finite sum part.
As for Θ(v,w)Ξ(v,w) in (2.17), one can carry out the same analysis as here. In this case, there
is no enhancement factor 1/(2n − L) in the sum, and then the whole contribution turns out to be
subleading compared to the first Ξ(v,w) term, with the p+ =
√
N factor taken into account.
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